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Abstract 

In the framework of quantum group theory we obtain a noncommutative analog for the 
algebra of functions in a bounded symmetric domain, endowed with a whole symmetry. 
Also we provide a construction for its faithfull irreducible representation and an invariant 
integral over the bounded symmetric domain. 


1 Introduction 

Recall some well-known facts on bonnded symmetric domains. We focns on a series of bonnded 
symmetric domains D from the well-known Cartan list. 

Let 
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The Lie algebra g = sp2„(C) is isomorphic to the Lie algebra with generators e*, fi, hi,i = 
1,..., n and relations 


\hi, hj^ 0, [h-i, Cj\ ciijCjj [hj, /j] 

/ji] ^ijhi i,j 

together with Serre’s relations. The linear span I) of hi, ^2, • • •, is a Cartan snbalgebra, and 
the linear fnnctionals ai, Q!2, • • •, Un on I) dehned by 

Uj (hj) Ojj, i, j 1,2,...,/?. 

form a system of simple roots for the Lie algebra sp2„(C). 

Let ho G f) be the element given by 


a„(ho) = 2, aj{ho) = 0, j < n. 

It is easy to prove that hg = hi -|- 2h2 nhn- 

Let t C 0 be the Lie snbalgebra generated by 

/i) ^ hit i — 1,..., n. 
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The pair (g, 6) is Hermitian symmetric, i.e. g is equipped with a grading g = p © 6 © p^, 
where 


P^ = {Ud\ [ho,C] = ±m, 
e = {eeg| [/io,e] = 0}. 


Note that p is isomorphic to the normed vector space of symmetric complex n x u-matrices 


with the operator norm. Harish-Chandra proved that an irreducible bounded symmetric domain 
D can be embedded into the normed vector space p~ as the unit ball. 

In this paper we consider quantum analogs for the algebra C[p“] of holomorphic polynomials 
on p~ and the algebra Pol(p~) of polynomials on p^ and give some results on representation 
theory on D. 


2 Algebras C[p ]q and Pol(p )q 


In the sequel g G ( 0 , 1 ), C is the ground field, and all the algebras are assumed associative and 
unital. 

Let di, i = 1 ,..., n be coprime numbers that symmetrize the Cartan matrix a. One can check 
that di = 1 for i = 1 , ...,n — 1 and dn = 2. 

Denote by f/^g = UqSp2n a Hopf algebra with generators Ki, K~^, Ei, Fi, i = 1 ,... ,n, and 
relations 




together with g-analogs of the well-known Serre relations j 3 ] . 

The coproduct A, the counit e and the antipod S are defined as follows: 



Denote by Uqi C Uqg a Hopf subalgebra generated by 

Ej, Fj, j < n and * = 1 , 

UqQ can be equipped with the involution * given by 




The *-Hopf algebra {UqQ, *) is a quantum analog for the universal enveloping algebra of 
5p2nW- 
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Recall a general notion Let F be an algebra which is also a module over a Hopf algebra 
A. F is called an ^d-module algebra if the multiplication m : F ® F ^ F is a morphism of 
A-modules and the unit 1 G F is j 4 -invariant. 

In jTj, L.Vaksman with his collaborators introduced a [/g0-module algebra C[p“]g, a quantum 
analog of the algebra of holomorphic polynomials on p“. They followed V.Drinfeld’s approach 
to producing quantum analogs of function algebras by duality. The next two theorems give an 
explicit description of the f/gp-module algebra C[p~]q in terms of generators and relations. 


C[p ]q is isomorphic to the algebra generated by Zij, 
the following: 

1 < i whose ddefinig 


i = j = 1 < k 

(1) 

^ij^kl Q ^kl^iji 

j < i = k = 1 

(2) 

^ij^kl Q^kl^ij^ 

j < 1 < i = k 

(3) 


j = 1 < i < k 

(4) 

^kl^ij ^ij^kh 

j < 1 < k < i 

( 5 ) 

^ij^kl ^kl^ij Q(,Q Q ')^lj^kii 

i = j < k = 1 

(6) 

^ij^kl ^kl^ij “1“ (? Q ')^lj^ki'} 

i = j < 1 < k 

( 7 ) 

^ij^kl ^kl^ij (,Q Q ^^Ij^ki") 

j < i < k = 1 

(8) 

ZijZki = ZkiZij + {q- q~^){qziiZkj + ZkiZij), 

j <i<l< k 

( 9 ) 

ZijZki = ZkiZij + {q- q~^)ziiZkj, 

j < 1 < i < k 

(10) 

ZijZki = qZkiZij + {q- q~^)ziiZkj, 

j < i = 1 < k. 

(11) 

C[p ]q is equipped with the structure of UqQ-module algebra defined on generators 
or k < n 


FkZij < 


EkZij = q 


and 


- ^-1/2 


'{q + q 

^i—lj 5 

0 , 


+ g ^)zij-i, 


q'^Zij, 

i = j = 

k, 





q~^Zij, 

i = j = 

+ 1, 





qzij, 

i = k > 

j or i - 

- 1 > k 

= j, 



q~^Zij, 

i — 1 = 

k > j or i > k 

+1 = i, 



Zij, 

otherwise. 





i = j 

— A; + 1, 



'{q + q-^)zi+ij, 

i = j 

= k 

i = k 

+ 

V 

■ 

Fk^ij ~ 

II 

Zi+ljt 

i = k 

> fi 

i > k 

+1 = J, 


Zij+li 

i > k 

= j, 

otherwise, 



.0, 

otherwise. 


FnZij 


K z = 


1= j = n, 
otherwise. 




-ij, 


1 = j =n, 
i = n> j, 
otherwise. 


E Z -- 


Q^nn^ij : 
^ni ^nj 5 


i = n>j, 
otherwise. 
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Note, that the algebra C[p~]q was obtained in the Kamita’s paper but only as a Ugt- 
module algebra. 

In jT], a ([/q 0 , *)-niodule ^-algebra Pol(p“)q, (i.e. we have (^/)* = for all 

^ G UgQ, f G Pol(p“)g) was introduced. It is considered as a quantum analog of the al¬ 
gebra of polynomials on p^. Also the existence and uniqueness of the faithfull irreducible 
^-representation of Pol(p~)q and the (f/gP, *)-invariant integral over the bounded symmetric 
domain D were proved (see [21 chap.2]). 

Proposition 1 A list of defining relations for the *-algebra Pol(p~)q consists of the relations 
(fT|)- (fTT|) and 


= 

ZklZ*j, 





j ^ k,l 

& 

i 


k,l 

z]jZkl = 

qzkiz*j - 

- {q-^ - 

q)y ^ ZmlZj^j, 



i = 

k 

> 

3 

> 1 




m>k 








Z*jZkl = 

qzkiz*j - 

- q{q~^ - 

~ ^ ^ ZmlZ^^ 

+ ^ ^ ZmlZmi)^ 


i > 

k 

= 

3 

> 1 




i>m>k 

m>i 







Z*ijZkl = 

qzkiz*j - 

- (q-^ - 

q){'y ZkmZi.iryi + q ^ ^ ZmkZi.iryi 

A q 'y ^ ZmkZjy^f) 

, i > 

k 

> 

3 

= 1 




k>m>l 

i>m>k 

m>i 






Z*ijZkl = 

2 * 
q ZkiZij 

- (1 + g 

<‘^)iq~^ - q)iYl 

ZmkZijyi + q^ ^ ZmkZjyif), 

i > 

j 

= 

k 

= 1 




i>m>l 

m>i 







zljZkl = 

q‘^Zkiz*j 

- (1 + g 

'‘^)iq ^ - q)^ Zmiz*^i, 


i = 

j 

= 

k 

> 1 




m>k 








Z*ijZkl = 

q‘^zkiz*j 

-q{q~^ 

-q)iYl 

' Zk'izi/j+ 

q^Y^ Zk'kzU) 









i>k^>j 

k'>i 

k'>i 






+ {q-^ 

-q? 

E ^ 

~^k'v4n' + - 

q?Yl ^k'k'Zyk' 

+ 1 - 

i = 

k 

> 

3 

= 1 


k'>i 

,l'>j,k'>l’ 


k'>i 







Z*jZkl = 

4 * 

q ZkiZij 

-lir' 

-9)(1 + 9TE 

Zk'lZj^ij 










k'>i 








+ (?-' 

-q)\l 

+«^)E 

Zk'k'zl^k' + {q~^ - 

- q)‘^{l + q'^y'^ Zk'j'zl,j, + 1 

4 

-q , ^ = 

j 

= 

k 

= 1 


k'>i 




together with relations which can he obtained from the above due to obvious involution properties 
(the involution * is defined naturally * : Zij i— >• z*j). 


3 The faithfull representation and the invariant integral 

In this section we outline some results which were obtained in [21 chap.2]. 

Introduce an irreducible ^-representation of Pol(p~)q. Let 7-f be a Pol(p^)g-module with a 
single generator vq and the relations 

z*jVo = 0, l<j<i<n. 


Proposition 2 sect. 2.2] 1. H = C[p ]gVQ. 
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2. There exists a unique sesquilinear form (•, •) on Ti with the properties: i) {vo,vo) = 1; ii) 
{fv, w) = {v, f*w) for all v,wen, f e Pol(p”)g. 

3. The form (•, •) is positive definite on TL. 

Denote by Tp the representation of Pol(p^)q: 

TF{f)v = fv, f ePo\{p-)„ven. 


Theorem 3 sect. 2.2] 1. Tp is a faithful irreducible *-representation. 

2. A Po\{p~)g-representation with such properties is unique up to unitary equivalence. 

Let du be an invariant measure on the irreducible bounded symmetric domain ©. Note that 

[fdu = oo, / e Pol(p~),/^ 0. 

Jo 

So we have to construct a quantum analog of the algebra of smooth functions on D with compact 
supports and to dehne an invariant integral on it. 

The algebra C[p~]q is equipped with a natural grading 

OO 

= 0 deg Zij = 1. 

k=0 

Extend the ^-algebra Pol(p~)q by attaching an element /q which satishes the following 
relations: 

fo = fo, fo = fo, f’*fo = /o^ = 0, -0 e C[p~]g,i. 

The two-sided ideal of the extended algebra 

V{B)g Pol(p-), ■ fo ■ Pol(p-), 


is treated as a quantum analog of the space of smooth functions with compact supports on D. 
V(I]))g is equipped with a {UgQ, *)-module algebra structure via 


F,fo 


-T^/o<n> j = n, 
0 , j ^ n, 


E,fo 


l]]g‘i ^nnfoi j 

0 , j ^ n. 


Let Hf = C[p-]gfo. 

TCf is a D(D)g-module, a Pol(p~)q-module, and a f/gp-module. Denote by Tp the corre¬ 
sponding representations of V(JD))g and Pol(p~)g in the vector space Hf (these representations 
are related with their faithful irreducible ^-representations) and by P the representation of UgQ. 
Dehne a linear functional on D(D)q: 


J IDo 


with K 


TF2n ^2(2n—1) j^(n—l)(n-|-2) 


^n(n+l)/2 
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Theorem 4 sect. 2.2] 1. The above integral is UqQ-invariant and positive, i.e. 


[ {^.f)du = e{o[ fdu, ^eUqQjeV{B)q, 

JDq JDq 

and 

[ {rf)du>o, feV{B)qj^o. 

J Dg 

2. A positive UqQ-invariant integral on 'D(JD))g is unigue up to a constant multiple. 
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